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The superconductor-ferromagnet-superconductor ϕ0 junction provides a direct coupling between
Josephson phase and magnetic moment of ferromagnetic barrier. We demonstrate an appearance
of additional fractional subharmonic steps in the IV-characteristics of ϕ0 junction under external
electromagnetic radiation due to spin-orbit coupling. An origin of subharmonic steps is related
to the locking of magnetic moment precession to the Josephson oscillations. We prove that the
positions of those steps follow a continued fraction algorithm.
I. INTRODUCTION
Josephson junction (JJ) with ferromagnetic barrier
opens an additional gate for investigation of the in-
terplay between ferromagnetism and superconductiv-
ity. Its current-phase relation is very sensitive to
the characteristic of the ferromagnet1–6. Particularly,
the superconductor-ferromagnet-superconductor (SFS)
Josephson junction oscillates between 0- and π states
with an increase in ferromagnetic layer thickness7–10.
SFS JJ holds a great possibility for the realization of
the qubit for quantum computation11–13 and can be used
as electronic and spintronic components, such as phase
shifters and superconducting spin valves14–20.
In case of non-centrosymmetric magnetic barrier with
broken inversion symmetry likeMnSi or FeGe, the spin-
orbit coupling leads to a general current-phase relation
J = Jc sin(ϕ−ϕ0), where ϕ0 is proportional to the mag-
netic moment perpendicular to the gradient of the asym-
metric spin-orbit potential2,21. In this case the spin-orbit
coupling in ϕ0-junction provides a direct coupling be-
tween the suppercurrent and the magnetic moment. This
coupling leads to the supercurrent induced magnetization
dynamics21–23. Recently, in Ref.24 the authors report
the observation of anomalous phase shift ϕ0 in Bi2Se3
Josephson junctions (JJ) and provide a direct measure-
ment of the spin-orbit coupling strength. Also, in ϕ0
junction a full magnetization reversal is demonstrated
by using electric current pulse25.
An increase of the Shapiro steps amplitude due to spin-
orbit coupling near the ferromagnetic resonance, the ap-
pearance of the half-integer Shapiro steps, and precession
of the magnetization vector with radiation frequency21
are predicted, if the ϕ0 Josephson junction is exposed to
microwave radiation. An external electromagnetic field
can control qualitative features of the magnetic moment
dynamics in a current interval which corresponds to the
Shapiro step. The radiation can also produce topologi-
cal transformations of precession trajectories26, which de-
pend on the amplitude of the applied electromagnetic ra-
diation. Such results might be used for developing novel
experimental resonance methods for determination of the
spin-orbit interaction in the non-centrosymmetric mate-
rials.
Generally, the IV-characteristic of a conventional JJ
in the underdamped case demonstrates harmonic and
subharmonic steps in the presence of external electro-
magnetic radiation27,28, while it shows harmonic steps
only in the overdamped junctions29,30. The steps for
the underdamped JJ can form the so-called devil’s stair-
case (DS) structure as a consequence of the interplay be-
tween Josephson and applied frequencies27,31–33. The DS
structure is a universal phenomenon and appears in a
wide variety of different systems, including infinite spin
chains with long-range interactions34, frustrated quasi-
two-dimensional spin-dimer systems in magnetic fields35,
and even in the fractional quantum Hall effect36. In
Ref.37 a series of fractional integer size steps is observed
experimentally in the Kondo lattice CeSbSe.
Coupling between the superconducting current and
magnetic moment in the SFS Josephson junction is one of
the most interesting topics nowadays3. The connection
between the staircase structure and current-phase rela-
tion provides an intriguing point in this field of science.
Especially, the manifestation of the staircase structure
in the IV-characteristics of the junction with the cor-
responding information on current-phase relation38–42,
thus, serves as a novel method for its determination. The
appearance of the DS structure and its connection with
the current-phase relation in experimental situations still
in need for detailed investigations.
In Ref.42 we have demonstrated an appearance of sub-
harmonic steps in the IV-characteristic for overdamped
SFS junction with spin wave excitations (magnons). It
was found that the width of the current steps at V = 2Ω
(where Ω is the frequency of the applied magnetic field)
are larger than the width of the odd and fractional steps.
Therefore, magnetization dynamics can be manifested
in the IV-characteristic since this behavior is different
from that of the conventional Shapiro step42,43. The
origin of the even steps is related to the interaction
of Cooper pairs with even number of magnons43. In
Ref.44 the authors show that the breathing of the do-
main wall leads to the appearance of staircase struc-
ture in the IV-characteristic of SFS junction, but they
did not investigate its relation with DS structure. The
2IV-characteristics of superconductor-quantum spin Hall
insulator-superconductor system45 in the presence of mi-
crowave radiation exhibit a structure where odd steps are
completely suppressed, implying a fractional Josephson
effect.
Analytic treatment of the coupled JJ-nanomagnet sys-
tem driven by a time-dependent magnetic field both with-
out and with an external ac field is studied in Ref.46. The
authors have shown the existence of Shapiro-type steps
in the IV-characteristics of the JJ subjected to a volt-
age bias for a constant or periodically varying magnetic
field and explore the effect of rotation of the magnetic
field and the presence of an external ac drive on these
steps46. Here we clarify the possibility for the appear-
ance of fractional steps in the overdamped ϕ0 junction
using a modified RSJ model.
In this paper, we focus on the overdamped case (βc =
0, βc is the McCumber parameter) to reflect clearly the
appearance of the subharmonic steps due to the pres-
ence of spin-orbit coupling in ϕ0 junction. It is found
that due to the coupling between Josephson phase and
magnetic moment through the spin-orbit coupling, the
additional fractional subharmonic steps appear in the IV-
characteristic. The appearance and the positions of those
steps depend directly on the spin-orbit coupling and the
ratio of Josephson and magnetic energies. An analyti-
cal consideration of the linearized model justifies the ap-
pearance of the fractional steps in IV-characteristics, in
agreement with our numerical results.
The plan of the rest part of the paper is as follows. In
Sec.I, we describe the self-consistent modified RSJ and
LLG dynamical equations for ϕ0 junction. This is fol-
lowed by a discussion of the IV-characteristics of such
systems in Sec II. We demonstrate the effect of spin-orbit
coupling in the IV-characteristic. Then, we confirm that
the appearance of the subharmonic steps under external
radiation are due to the presence of spin-orbit coupling.
In addition to this we justify analytically the conditions
of the frequency locking and discuss the experimental re-
alization of the found effects. Finally, we conclude in Sec.
III. Some details of our calculations are specified in the
supplemental material.
II. MODEL AND METHODS
The geometry of the considered ϕ0 junction is shown in
figure 1. The ferromagnet easy-axis and the gradient of
the spin-orbit potential (n) are directed along the z-axis.
In this case, ϕ0 = rmy and r characterizes the relative
strength of the spin-orbit interaction21. The electric cur-
rent through JJs in the dimensionless form is determined
by RSJ equation47 (we consider overdamped case with
βc = 0 )
I +A sinΩt = sin(ϕ− rmy) +
dϕ
dt
, (1)
where I is normalized to the critical current Ic, t is nor-
malized to ω−1c , ωc=2eRIc/~, my =My/Ms satisfies the
S
F
x
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FIG. 1. (Color online) Geometry of the ϕ0− junction. S
- superconductor, F - ferromagnet, n - unit vector of the
gradient of the spin-orbit potential.
constraint
∑
i=x,y,zm
2
i (t) = 1, Ms = ‖M‖, and the volt-
age V is normalized to IcR. The external electromagnetic
radiation is characterized by the amplitude Iac and fre-
quency ω, A = Iac/Ic. The dynamics of the magnetic
moment my is determined by the LLG
48:
dm
dt
= −
ΩF
(1 + α2)
(
m× heff + α [m× (m× heff )]
)
, (2)
where ΩF = ωF /ωc, ωF is the ferromagnetic resonance
frequency, α is the Gilbert damping ( here we consider
α = 0.1) and heff is the total effective field of the system
which is given by −∇ME/v, v is the volume of ferromag-
net. The total energy of the system for the current biased
junction is E = Es + EM with
Es = −
Φ0
2πIc
ϕI + EJ
[
1− cos
(
ϕ− r
My
M0
)]
,
EM = −
Kv
2
(
Mz
Ms
)2
, (3)
where EJ = Φ0Ic/2π is the Josephson energy, EM is the
anisotropy energy and Kan = ωFMs/γ is the anisotropy
constant21,25. So, the effective field in normalized form
is given by
he = [Gr sin(ϕ− rmy)eˆy +mzeˆz], (4)
with G = EJ/Kanv. The magnetic moment and the
phase dynamics of the considered S/F/S Josephson junc-
tion is determined by Eqs. (1) and (2).
To compute the IV-characteristics, we study the tem-
poral dependence of V (t) = ~ϕ˙(t)/(2e) obtained by nu-
merical solution of equation (1). The dc bias current
I is normalized to Ic, and the voltage is normalized to
~ωc/(2e). We assume a constant bias current and cal-
culate the average voltage. We employ a fourth-order
Runge-Kutta integration scheme. As a result, we find
the temporal dependence of the voltage in the junction
at a fixed value of bias current I. Then, the current value
is increased or decreased by a small amount δI (the bias
current step), to calculate the voltage at the next point of
the IV-characteristics. We use the final voltage achieved
at the previous point of the IV-characteristics as the ini-
tial condition for the next current point. The average
of the voltage Vav is given by Vav =
1
Tf−Ti
∫ Tf
Ti
V (t)dt,
where Ti and Tf determine the interval for the temporal
averaging. The initial conditions for the magnetization
3components are assumed to be mx = 0, my = 0 and
mz = 1, while for the voltage and phase we take zeros.
To analyze the positions of subharmonic steps in the
IV-characteristics and reflect the DS structure, we use
the continued fractions. They consist of number of lev-
els. The first-level is denoted by N and the second-level
gives two groups of subharmonics (N-1+1/n) and (N-
(1/n)). The algorithm of continued fractions is presented
in figure 2 where the red circles represent the Shapiro
step number (first level). The green rectangles represent
the second level subharmonic steps and the arrows rep-
resent the approaching direction, for example, the group
(N − 1) + (1/n) approaches (N − 1)th Shapiro step and
N − (1/n) approaches the N th Shapiro step. The third
level subharmonics is represented by the blue diamond.
This level is determined by fixing n, n+ 1 and changing
m, for example, the second level group (N − 1) + (1/n)
gives rise to two third level groups between n = 1 and
n = 2, also two other third level group are a rise from the
second groupN−(1/n) with n = 1 and n = 2, etc27,32,42.
The positions of the current steps follow continued frac-
tion formula27,
V =

N ± 1
n± 1
m± 1
p±...

Ω (5)
where N,n,m,p,... are positive integers. Terms with only
N form harmonics, while other terms describe subhar-
monics or fractional steps.
N-(1/n)
(N-1)+(1/n)
n=1
(N-1)+1
n=2
(N-1)+1/2
n=1
N-1
n=2
N-1/2
N-1 NN
1st level
2nd level
3rd level
(N-1)+(1/(2-1/m))
(N-1)+(1/(1+1/m))
N-(1/(1+1/m))
N-(1/(2-1/m))
FIG. 2. Schematic demonstration of the appearance of contin-
ued fractions in IV-characteristic of SFS junction under external
magnetic field. N is the Shapiro step number, n and m are pos-
itive integers27.
In what follows, we first obtain an approximate ana-
lytical solution of equation (1) in Sec.B.1, which demon-
strates the existence of subharmonic Shapiro steps for
ϕ0 junction. Then, in Sec.B.2, we carry out a detailed
numerical study of equation (1) where the analytical re-
sults are verified and the devils staircase structure of the
Shapiro steps is studied.
III. RESULTS AND DISCUSSION
A. Perturbative analytical solution
First, we find the expression for my. If the deviation of
the magnetic moment from the equilibrium point due to
Josephson energy is small (i.e., G < 1), we can linearize
the LLG equation. In this case49, the magnetic moment
my(t) reads
my(t) ≈
γ˜2
D
sinϕ(t) −
rγ˜22
2D2
sin 2ϕ(t), (6)
where γ˜2 = Grγ2, γ2 =
(
1− (1 − α2)
Ω2p
Ω2
F
)
, and D =(
1− (1 + α2)
Ω2p
Ω2
F
)2
+ 4α2
Ω2p
Ω2
F
.
Then we demonstrate the results of the perturba-
tive analysis of equation (1) for overdamped ϕ0 junc-
tions in high-frequency limit1. We analyze this equation
for Ω and A >> 1 in which we can do the following
expansions2,3
ϕ(t) =
∑
n
ǫnϕn(t), I =
∞∑
n=0
ǫnIn. (7)
where I0 is the biased current, ǫ << 1 and In for n > 0
are determined self-consistently from the condition of the
absence of additional dc voltage: limT−→∞
∫ T
0 ϕ˙ndt =
03. Using equation (6), the RSJ up to terms ∼ O(rmy)
has the form
ϕ˙(t) ≈ I +A sinΩt− sinϕ(t)
+
rγ˜2
2D
(
sin 2ϕ(t)−
rγ˜2
2D
[
sin 3ϕ(t)− sinϕ(t)
])
,(8)
Using (7), the equations for ϕ˙n can be obtained by equat-
ing terms in the same order of ǫ. Then, the expression of
ϕ˙n is given by
ϕ˙n(t) = In + fn(t). (9)
For n = 0 and n = 1, we have
f0(t) = A sinΩt,
f1(t) =
[(
rγ˜2
2D
)2
− 1
]
sinϕ0(t) +
rγ˜2
2D
sin 2ϕ0(t)
−
(
rγ˜2
2D
)2
sin 3ϕ0(t), (10)
The 0th order with n = 0 represents the autonomous
IV-characteristic of the junction. In this case we have
ϕ˙0(t) = I0 + A sinΩt, (11)
while the supercurrent is given by
I(0)s =
[
1−
(
rγ˜2
2D
)2]
sinϕ0(t)−
rγ˜2
2D
sin 2ϕ0(t)
+
(
rγ˜2
2D
)2
sin 3ϕ0(t), (12)
4After integrating equation (11) with respect to time, we
have
ϕ0(t) = ϕ0(0) + I0t−
A
Ω
cosΩt. (13)
Inserting equation (13) into equation (12) and after some
algebra49, we come to:
I(0)s = Im
{ ∞∑
n=−∞
in
[
Jn
(
A
Ω
)
×
[(
rγ˜2
2D
)2
− 1
]
ei((nΩ−I0)t−ϕ0(0))
+ Jn
(
2A
Ω
)
rγ˜2
2D
ei((nΩ−2I0)t−2ϕ0(0))
− Jn
(
3A
Ω
)(
rγ˜2
2D
)2
ei((nΩ−3I0)t−3ϕ0(0)
]}
. (14)
Shapiro step within this order appears when the ac com-
ponent of the supercurrent vanishes. This means we have
three possible cases; I0 = nΩ, I0 = nΩ/2, and I0 = nΩ/3.
Furthermore, in the supplement we show that the 1st or-
der leads to fractional subharmonic steps which occur at
different set of integers. These locking conditions appear
only in the presence of spin-orbit coupling.
FIG. 3. Condition for Shapiro steps in ϕ0-junction, I0 is the
applied current, n and m take any integer value while k takes
the value of 1, 2, 3.
So, we find the complete frequency locking conditions
for subharmonic steps, which are shown in figure 3. In the
next section, we demonstrate these conditions for some
steps.
B. DS structure in the IV-characteristics of ϕ0
junction
FIG. 4. (a) IV-characteristic of overdamped ϕ0 junction
without (r = 0) and with spin-orbit coupling (r = 0.5). En-
larged parts of IV-characteristic marked by rectangles in (a)
are shown in (b) and (c). For all figures we take G = 0.2,
α = 0.1, A = 0.5 and Ω = ΩF = 0.5.
Here we show the DS structure in the IV-
characteristics of ϕ0 junction under external electromag-
netic radiation with A = 0.5 and Ω = 0.5 and prove
their correspondence to the continued fraction formula
(5). Figure 4(a) demonstrates two IV-characteristics
without and with spin-orbit coupling. At r = 0 the
IV-characteristic shows only harmonic Shapiro steps at
V = nΩ with n integer. However, the additional frac-
tional subharmonics appear at r = 0.5 between the har-
monic steps as a result of spin-orbit coupling. Figures
4(b) and 4(c) demonstrate the enlarged parts of the IV-
characteristic shown in figure 4(a). We see in figure 4(b)
the fractional steps between V = 0 and V = 0.5 which
5can be described by the continued fractions of second
level (N − 1) + 1/n and N − 1/n with N = 1 in both
cases. In figure 4(c) we see the manifestation of second
level continued fractions N −1/n and (N −1)+1/n with
N = 2 between voltage steps V = 0.5 and V = 1.
1. Effect of r on the width of the subharmonic steps
FIG. 5. (a) Parts of the IV-characteristics at Ω = 0.5,
G = 0.2 and different values of r. The curves at r = 0.4 , r =
0.6 and r = 0.8 have been shifted for clarity by ∆I = 0.03, =
0.06, and 0.09, respectively, relative to the IV-characteristic at
r = 0.2; (b) Harmonic Shapiro steps at V = 0.5 and V = 1 at
different value of r. The curves at r = 0.4 , 0.6 and 0.8 shifted
up by ∆V = 0.01, ∆V = 0.02, and ∆V = 0.03, respectively,
relative to the IV-characteristic at r = 0.2; (c) Width of the
harmonic Shapiro steps at V = Ω = 0.5 and V = 2Ω = 1 as a
function of A at different r; (d) Width’s r-dependence for the
harmonic step at V = 0.5 and subharmonic step at V = 0.75.
Let us now inspect the effect of spin-orbit coupling on
the presence of subharmonic steps in details. Figure 5(a)
compares the IV-characteristics at different value of r and
we see that the enhanced subharmonic steps appear at
large value of r.
In figure 5(b) we compare the harmonic Shapiro steps
at V = Ω and V = 2Ω at different value of r. We find
qualitatively different behavior: the width of the first
harmonic Shapiro step at V = Ω decreases slightly with
increasing r, while the Shapiro step at V = 2Ω demon-
strates some horizontal shift with almost the same width
for different values of r.
The corresponding width dependence of these steps as
a function of amplitude of external radiation A is shown
figure 5(c). For the given simulation parameters, we ob-
serve a significant change of the Bessel dependence of
the Shapiro step width with increase in r in the range
A ∼ 0.5− 2.
However, as we notice above in figure 5(a), the width
of fractional Shapiro steps increases with r. The r-
dependence of the harmonic step width at V = 0.5 and
subharmonic step at V = 0.75 is shown in figure 5(d). We
see the qualitatively different behavior: harmonic step
width is decreased, while a reversal dependence occurs
for subharmonic step.
The perterbative analysis shows that the width of all
steps, harmonic and subharmonic, is not Bessel function
of r49, moreover, we have found that the width of subhar-
monic steps is proportional to Bx,y=Jx(kA/Ω)Jy(A/Ω),
where k = 1, 2, 3.
2. Effect of G on the appearance of the DS structure
Another important parameter which can control the
appearance of the subharmonic steps is a ratio of Joseph-
son and magnetic anisotropy energies G = EJ/Kv. In
Ref.53 it is shown that a reorientation of easy axis from
mz = 1 to my = 1 occurs in the regime of small Joseph-
son frequency and large G > 20. Here we show that the
subharmonic steps are enhanced in the regime before a
complete reorientation occurs.
In figure 6(a) and (b) we show the enlarged parts of the
IV-characteristics at G = 0.2 and G = 5π. At G = 0.2
the subharmonic steps appear mostly between V = 0 and
V = 0.5 [see figure 6(a)], while much less number of steps
with smaller width appear between V = 0.5 and V =
1 [see figure 6(b)]. All these fractional steps disappear
at G = 5π when a reorientation of easy axis occurs to
my(t) = 1 (see insets).
Figure 6(c) shows the temporal dependence of V (t)
and my(t) at I = 1.16 (step at V = Ω). The temporal
dependence for both V (t) andmy(t) is regular. Results of
the corresponding Fast Fourier Transform (FFT) analysis
for V (t) and my(t) are shown in figure 6(d). From the
FFT analysis it is clear that the oscillation frequency of
my(t) is locked to the external frequency Ω = 0.5 as well
as to ΩJ = 0.5. In addition to this, the FFT analysis for
6V (t) show harmonics of nΩ with integer n.
FIG. 6. (a) Enlarged parts of the IV-characteristics in the
interval 0 < V < 0.5 at G = 0.2 and G = 5pi. The inset shows
the temporal dependence of my(t) at G = 5pi; (b) The same
in the interval 0.5 < V < 1; (c) Temporal dependence of V (t)
and my(t) at I = 1.16, G = 0.2 and in (d) The corresponding
results of the FFT analysis; (e) Temporal dependence of V (t)
and my(t) at I = 1.284, G = 0.2 and in (f) The corresponding
results of the FFT analysis. For all figures we take α = 0.1,
ΩF = 0.5, and r = 0.5.
Next, we have recorded the temporal dependence of
V (t) and my(t) at I = 1.284 for fractional step at V =
0.75, presented in figure 6(e) and the corresponding result
of the FFT analysis is shown in figure 6(f). Here the
temporal dependence for both V (t) and my(t) is more
complex. The oscillation amplitude for my(t) is smaller
than in case V = 0.5 [see figure 6(c)]. The FFT analysis
show that a locking between the precession frequency for
my and Josephson frequency occurs at fractions of Ω.
Based on the presented results, we can come to the fol-
lowing conclusions. The first is locking of the magnetic
moment precession at I = 1.16 and G = 0.5 to the exter-
nal radiation with frequency Ω = 0.5. At I = 1.284 we
also observe the locking of magnetic moment precession
to the subharmonic frequency 3Ω/2 which correspond to
the step at V = 0.75. The appearance of Shapiro steps
at V = nΩ is not related to the magnetic moment pre-
cession. Shapiro step at V = 0.5 appears at G = 5π with
my(t) = 1 when the precession frequency is zero.
Finally, we present some estimations for the experi-
mental realization based on data in Ref’s.21,24,54–57. The
main parameter which controls the appearance of the
current steps is G = EJ/(Kv) which represents the ra-
tio of the Josephson and the magnetic anisotropy en-
ergy. With flux quantum Φ0 = 2.067833× 10
−15(J/A),
critical current Ic = 4µA, volume of the ferromagnet
v = d× l×w ∼ 150nm×2µm×2µm, and anisotropy con-
stant K = 500 (J/m3), we obtain G = Φ0Ic/(Kv) = 0.4.
Actually, for stronger anisotropy, parameter G is smaller.
Play with the value of anisotropy parameter, we may
have G as much less or much large than one.
IV. CONCLUSION
In this work we solve the dynamical equations for ϕ0
junction which describe the coupling between Joseph-
son phase and magnetic moment through spin-orbit cou-
pling. Using the high-frequency perterbative method
we predict the appearance of subharmonic steps in the
presence of spin-orbit coupling. Furthermore we con-
firm these prediction using the exact numerical scheme.
The IV-characteristic of the ϕ0 junction demonstrates
devil’s staircase structures of Shapiro steps. The origin
of the found steps related to the synchronization between
Josephson and magnetic moment oscillations. The posi-
tion of the found steps follow continued fraction formula.
The structure and width of these steps depends on the
ratio of Josephson and magnetic energies and spin-orbit
coupling. Our calculations predict that spin-orbit cou-
pling manifests itself through the appearance of subhar-
monic steps in the IV-characteristics, thus providing new
insight into the precise nature of the current-phase rela-
tion and new opportunities for potential applications.
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9SUPPLEMENTAL MATERIAL TO “DEVIL’S STAIRCASE STRUCTURE IN ϕ0 JUNCTION”
I. LINEARIZED LANDAU-LIFSHITZ-GILBERT EQUATION
If the deviation of the magnetic moment from the equilibrium point due to Josephson energy is small( G < 1), we
can linearized the Landau-Lifshitz-Gilbert (LLG) equation. In its general form the LLG equation reads
dM
dt
= −γM ×He +
α
‖M‖
(
M ×
dM
dt
)
, (1)
where α is the Gilbert damping and γ is the gyromagnetic ratio. We assume that the effective magnetic field and
magnetization can be written as sums of constant and alternating parts
He = H0 + H˜ , M = Ms + M˜ , (2)
where the components of H0 are (0, 0, H0) with H0 = Kan/Ms = ωF /γ, Kan is the magnetic anisotropy constant,
Ms = ‖M‖ is considered as a constant and equal to the saturation value of the magnetization, ωF is the ferromagnetic
resonance frequency and γ is the gyromagnetic ratio. The components of H˜ are (H˜x, H˜y, 0), the components of Ms
are (0, 0,Mz) and those of M˜ are (M˜x, M˜y, 0). The magnitude of alternating parts are considered smaller than the
steady parts, i.e. H˜ << Ha, M˜ << Mz. In what follow we use the dimensionless formula. We normalize He to H0,
Mi (i = x, y) is normalized to Ms, time is normalized to ω
−1
c (t −→ tω
−1
c ) where ωc is the characteristic frequency
of JJ, and ωF is normalized to ωc. The linearization of (1) can be found by inserting (2) into (1) and neglecting the
products of the alternating parts. In the dimensionless form the linearized LLG is then reads as
dm˜
dt
+ΩF m˜× h0 + α
(
dm˜
dt
×ms
)
= −ΩFms × h˜, (3)
where the components of h0 are (0, 0, 1), h˜ are (hx, hy, 0), ms are (0, 0, 1), and m˜ are (mx,my, 0). We assume a
harmonic time dependence for the effective field h˜ and m˜ in the form of m˜ = m eiΩpt and h˜ = h eiΩpt, where Ωp is
the precession frequency normalized to ωc (Ωp = ωp/ωc). According to this, the linearized LLG reads as
iΩpm+ΩFm× h0 + iΩpαm×ms = −ΩFms × h. (4)
Projecting Eq. (4) on the axes of Cartesian coordinate system we find the real part formy(t) (we will take m˜y ≡ my(t),
h˜i ≡ hi(t) and i = x, y.)
Re{my(t)} =

 −γ1hx(t) + γ2hy(t)(
1− (1 + α2)
Ω2p
Ω2
F
)2
+ 4α2
Ω2p
Ω2
F

 . (5)
where γ1 = 2α
Ω2p
Ω2
F
and γ2 =
(
1− (1− α2)
Ω2p
Ω2
F
)
. To find my(t), we need the x and y-component of the effective
field. Here we have hx = 0 and hy = Gr sin(ϕ − rmy). Since my << 1, we can write sin(ϕ(t) − rmy(t)) ≈
sinϕ(t)− rmy(t) cosϕ(t). Using Eq.(5), the expression of my(t) is given by
my(t) =
γ˜2 sinϕ(t)
D + rγ˜2 cosϕ(t)
, (6)
where γ˜2 = Grγ2, and D =
(
1− (1 + α2)
Ω2p
Ω2
F
)2
+4α2
Ω2p
Ω2
F
. After using the expansion 1/(1+x) ≈ 1−x+ .., we come to
my(t) ≈
γ˜2
D
sinϕ(t) −
rγ˜22
2D2
sin 2ϕ(t), (7)
II. ORIGIN OF SUBHARMONIC STEP IN ϕ0 JUNCTION
To find the origin of subharmonic step, we use high-frequency limit1:
Ω >> 1, βcΩ >> 1, A >> 1 (8)
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where Ω is the frequency of the external electromagnetic radiation normalized to ωc (characteristic frequency of JJ),
βc is the McCumber parameter, and A is the amplitude of the external electromagnetic radiation normalized to Iac.
Using Eq.(7), the RSJ equation reads as
ϕ˙(t) = I +A sinΩt+
[(
rγ˜2
2D
)2
− 1
]
sinϕ(t) +
rγ˜2
2D
(
sin 2ϕ(t)−
rγ˜2
2D
sin 3ϕ(t)
)
, (9)
Expend I and ϕ as2
ϕ(t) =
∑
n
ǫnϕn(t), I =
∞∑
n=0
ǫnIn. (10)
where I0 is the bias current, ǫ << 1 and In for n > 0 are determined from the condition of the absence of additional
dc voltage: limT−→∞
∫ T
0 ϕ˙ndt = 0
3. Using (10), the equations for ϕ˙n can be obtained by equating terms in the same
order of ǫ. Then, the expression of ϕ˙n is given by
ϕ˙n(t) = In + fn(t), (11)
The second and third terms in Eq.(9) after using ϕ(t) = ϕ0(t) + ǫϕ1(t) (to the first order) read as
[(
rγ˜2
2D
)2
− 1
]
sinϕ(t) +
rγ˜2
2D
(
sin 2ϕ(t)−
rγ˜2
2D
sin 3ϕ(t)
)
≈
[(
rγ˜2
2D
)2
− 1
][
sinϕ0(t) + ǫϕ1(t) cosϕ0(t)
]
+
rγ˜2
2D
(
sin 2ϕ0(t) + 2ǫϕ1(t) cos 2ϕ0(t)
−
rγ˜2
2D
[
sin 3ϕ0(t) + 3ǫϕ1(t) cos 3ϕ0(t)
])
. (12)
Next, we consider
f0(t) = A sinΩt,
f1(t) =
[(
rγ˜2
2D
)2
− 1
]
sinϕ0(t) +
rγ˜2
2D
sin 2ϕ0(t)−
(
rγ˜2
2D
)2
sin 3ϕ0(t),
f2(t) =
[(
rγ˜2
2D
)2
− 1
]
ϕ1(t) cosϕ0(t) + 2
rγ˜2
2D
ϕ1(t) cos 2ϕ0(t)− 3
(
rγ˜2
2D
)2
ϕ1(t) cos 3ϕ0(t).
(13)
The zeroth order with n = 0 represents the autonomous IV-characteristic of the junction. In this case
ϕ˙0(t) = I0 +A sinΩt, (14)
and the suppercurrent is given by I
(0)
s = −f1(t) (see Eq.(11))
I(0)s =
[
1−
(
rγ˜2
2D
)2]
sinϕ0(t)−
rγ˜2
2D
sin 2ϕ0(t) +
(
rγ˜2
2D
)2
sin 3ϕ0(t), (15)
After integrating (14) with respect to time, we come to
ϕ0(t) = ϕ0(0) + I0t−
A
Ω
cosΩt. (16)
Next, we insert (16) into (15) and use sin(−x) = − sinx. The suppercurrent is given by
I(0)s =
[(
rγ˜2
2D
)2
− 1
]
sin
(
A
Ω
cosΩt− I0t− ϕ0(0)
)
+
rγ˜2
2D
sin
(
2A
Ω
cosΩt− 2I0t− 2ϕ0(0)
)
−
(
rγ˜2
2D
)2
sin
(
3A
Ω
cosΩt− 3I0t− 3ϕ0(0)
)
, (17)
11
and using eiz cos θ =
∑∞
n=−∞ i
nJn(z)e
inθ, Jn(z) is the Bessel function of first kind, and n is integer, we come to
I(0)s = Im
{ ∞∑
n=−∞
in
[
Jn
(
A
Ω
)[(
rγ˜2
2D
)2
− 1
]
ei((nΩ−I0)t−ϕ0(0)) + Jn
(
2A
Ω
)
rγ˜2
2D
ei((nΩ−2I0)t−2ϕ0(0))
− Jn
(
3A
Ω
)(
rγ˜2
2D
)2
ei((nΩ−3I0)t−3ϕ0(0)
]}
. (18)
We see that Shapiro step appears when the ac component of the supercurrent vanishes. This means we have three
possible cases: I0 = nΩ, I0 = nΩ/2, and I0 = nΩ/3.
Now, for the first order we have
ϕ˙1 = I1 + Is (19)
which has the solution < ϕ˙1 >= 0 and I1 = 0, so ϕ˙1(t) = Is. Next, we get the imaginary part of (18) by separating
odd and even parts using
ineiθ = in cos θ + in+1 sin θ,
∞∑
−∞
ineiθ =
∞∑
−∞
i2neiθ +
∞∑
−∞
i2n+1eiθ, (20)
with i2n = (−1)n, Im{i2neiθ} = (−1)n sin θ, Re{i2neiθ} = (−1)n cos θ, Im{i2n+1eiθ} = (−1)n cos θ, and
Re{i2n+1eiθ} = (−1)n+1 sin θ. The imaginary part reads
ϕ˙1(t) =
∞∑
n=−∞
(−1)n
[
J2n
(
A
Ω
)[
1−
(
rγ˜2
2D
)2]
sin(Ω1t− ϕ0(0))− J2n
(
2A
Ω
)
rγ˜2
2D
sin(Ω2t− 2ϕ0(0))
+ J2n
(
3A
Ω
)(
rγ˜2
2D
)2
sin(Ω3t− 3ϕ0(0)) + J2n+1
(
A
Ω
)[
1−
(
rγ˜2
2D
)2]
cos(Ω˜1t− ϕ0(0))
− J2n+1
(
2A
Ω
)
rγ˜2
2D
cos(Ω˜2t− 2ϕ0(0)) + J2n+1
(
3A
Ω
)(
rγ˜2
2D
)2
cos(Ω˜3t− 3ϕ0(0))
]
, (21)
where Ω1 = 2nΩ − I0, Ω2 = 2nΩ − 2I0, Ω3 = 2nΩ − 3I0, Ω˜1 = (2n + 1)Ω − I0, Ω˜2 = (2n + 1)Ω − 2I0, and
Ω˜3 = (2n+ 1)Ω− 3I0. By integrating Eq.(21) with respect to time, we get
ϕ1(t) =
∞∑
n=−∞
(−1)n+1
[
J2n
(
A
Ω
)[
1−
(
rγ˜2
2D
)2]
cos(Ω1t− ϕ0(0))
Ω1
− J2n
(
2A
Ω
)
rγ˜2
2D
cos(Ω2t− 2ϕ0(0))
Ω2
+ J2n
(
3A
Ω
)(
rγ˜2
2D
)2
cos(Ω3t− 3ϕ0(0))
Ω3
]
+ (−1)n
[
J2n+1
(
A
Ω
)[
1−
(
rγ˜2
2D
)2]
sin(Ω˜1t− ϕ0(0))
Ω˜1
− J2n+1
(
2A
Ω
)
rγ˜2
2D
sin(Ω˜2t− 2ϕ0(0))
Ω˜2
+ J2n+1
(
3A
Ω
)(
rγ˜2
2D
)2
sin(Ω˜3t− 3ϕ0(0))
Ω˜3
]
. (22)
For the 1st order, the supercurrent is given by (I
(1)
s = −f2(t))
I(1)s =
[
1−
(
rγ˜2
2D
)2]
ϕ1(t) cosϕ0(t)−
rγ˜2
2D
2ϕ1(t) cos 2ϕ0(t) +
(
rγ˜2
2D
)2
3ϕ1(t) cos 3ϕ0(t). (23)
Now, we need to insert Eq.(22) into Eq.(23) using
cos(qϕ0(t)) =
∞∑
m=−∞
J2m
(
A
Ω
)
cos(q(Ωm − ϕ(0)0)) + J2m+1
(
A
Ω
)
sin(q(Ω˜m − ϕ(0)0)), (24)
where q = 1, 2, 3, Ωm = 2mΩ− I0,Ω˜m = (2m+ 1)Ω− I0 , and m is integer. The final expression for Is is given by
I(1)s =
[
1−
(
rγ˜2
2D
)2]
Γ (1) −
rγ˜2
D
Γ (2) + 3
(
rγ˜2
2D
)2
Γ (3), (25)
with
12
Γ
(k) =
∑
n,m
(−1)n+m+1
{[(
rγ˜2
2D
)2
− 1
]
B12n,2m
2Ω1
[
cos((Ω1 + kΩm)t− (k + 1)ϕ0(0))
+ cos((Ω1 − kΩm)t− (k − 1)ϕ0(0))
]
−
rγ˜2
2D
B22n,2m
2Ω2
[
cos((Ω2 + kΩm)t− (k + 2)ϕ0(0))
+ cos((Ω2 − kΩm)t− kϕ0(0))
]
+
(
rγ˜2
2D
)2
B32n,2m
2Ω3
[
cos((Ω3 + kΩm)t− (k + 3)ϕ0(0))
+ cos((Ω3 − kΩm)t− (k + 1)ϕ0(0))
]}
+ (−1)n+m
{[(
rγ˜2
2D
)2
− 1
]
B12n+1,2m
2Ω˜1
[
sin((Ω˜1 + kΩm)t− (k + 1)ϕ0(0))
+ sin((Ω˜1 − kΩm)t− (k − 1)ϕ0(0))
]
−
rγ˜2
2D
B22n+1,2m
2Ω˜2
[
sin((Ω˜2 + kΩm)t− (k + 2)ϕ0(0))
+ sin((Ω˜2 − kΩm)t− kϕ0(0))
]
+
(
rγ˜2
2D
)2
B32n+1,2m
2Ω˜3
[
sin((Ω˜3 + kΩm)t− (k + 3)ϕ0(0))
+ sin((Ω˜3 − kΩm)t− (k + 1)ϕ0(0))
]}
+ (−1)n+m+2
{[(
rγ˜2
2D
)2
− 1
]
B12n,2m+1
2Ω1
[
sin((Ω1 + kΩ˜m)t− (k + 1)ϕ0(0))
+ sin((Ω1 − kΩ˜m)t− (k − 1)ϕ0(0))
]
−
rγ˜2
2D
B22n,2m+1
2Ω2
[
sin((Ω2 + kΩ˜m)t− (k + 2)ϕ0(0))
+ sin((Ω2 − kΩ˜m)t− kϕ0(0))
]
+
(
rγ˜2
2D
)2
B32n,2m+1
2Ω3
[
sin((Ω3 + kΩ˜m)t− (k + 3)ϕ0(0))
+ sin((Ω3 − kΩ˜m)t− (k + 1)ϕ0(0))
]}
+ (−1)n+m
{[(
rγ˜2
2D
)2
− 1
]
B12n+1,2m+1
2Ω˜1
[
cos((Ω˜1 + kΩ˜m)t− (k + 1)ϕ0(0))
+ cos((Ω˜1 − kΩ˜m)t− (k − 1)ϕ0(0))
]
−
rγ˜2
2D
B22n+1,2m
2Ω˜2
[
cos((Ω˜2 + kΩ˜m)t− (k + 2)ϕ0(0))
+ cos((Ω˜2 − kΩ˜m)t− kϕ0(0))
]
+
(
rγ˜2
2D
)2
B32n+1,2m
2Ω˜3
[
cos((Ω˜3 + kΩ˜m)t− (k + 3)ϕ0(0))
+ cos((Ω˜3 − kΩ˜m)t− (k + 1)ϕ0(0))
]}
, (26)
where k takes the value of 1,2,3, B1x,y=Jx(A/Ω)Jy(A/Ω),B
2
x,y=Jx(2A/Ω)Jy(A/Ω) and B
3
x,y = Jx(3A/Ω)Jy(A/Ω).
The ac component of the supercurrent vanishes at Ω1 = ±kΩm, Ω2 = ±kΩm, Ω3 = ±kΩm,Ω˜1 = ±kΩm, Ω˜2 = ±kΩm,
Ω˜3 = ±kΩm, Ω1 = ±kΩ˜m, Ω2 = ±kΩ˜m, Ω3 = ±kΩ˜m,Ω˜1 = ±kΩ˜m, Ω˜2 = ±kΩ˜m, Ω˜3 = ±kΩ˜m.
Finally, we confirm the appearance of subharmonic steps which are predicted from the perturbative analysis. This
perturbative analysis can be applied when at least one of these condition is satisfied A >> 1, or Ω >> 1, or
βcΩ
2 >> 11.
In figures 1(a) and (b) we show an analogous plot for the IV-characteristics of JJ without and with spin-orbit
coupling (r = 0.3) at A = 5. As it is predicted by the perturbative analysis, a set of subharmonic steps appear when
r 6= 0 (see figures 1(a) and (b)).
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FIG. 1. parts of IV-characteristic for overdamped ϕ0-junction without (r = 0) and with spin orbit coupling at (a) Ω = ΩF = 0.5,
(b) Ω = ΩF = 3. For all figures we take α = 0.1, G = 0.6, and A = 5.
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